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In this work, we explore the existence of traversable wormhole solutions supported by double
gravitational layer thin-shells and satisfying the Null Energy Condition (NEC) throughout the whole
spacetime, in a quadratic-linear form of the generalized hybrid metric-Palatini gravity. We start
by showing that for a particular quadratic-linear form of the action, the junction conditions on the
continuity of the Ricci scalar R and the Palatini Ricci scalar R of the theory can be discarded without
the appearance of undefined distribution terms in the field equations. As a consequence, a double
gravitational layer thin-shell arises at the separation hypersurface. We then outline a general method
to find traversable wormhole solutions satisfying the NEC at the throat and provide an example.
Finally, we use the previously derived junction conditions to match the interior wormhole solution to
an exterior vacuum and asymptotic flat solution, thus obtaining a full traversable wormhole solution
supported by a double gravitational layer thin-shell and satisfying the NEC. Unlike the wormhole
solutions previously obtained in the scalar-tensor representation of this theory, which were scarce
and required fine-tuning, the solutions obtained through this method are numerous and exist for a

wide variety of metrics and actions.

PACS numbers: 04.50.Kd,04.20.Cv,

I. INTRODUCTION

Wormbholes are topological objects connecting two
spacetime manifolds. Within general relativity (GR),
exact solutions describing these objects were found con-
necting two differen asymptotic flat spacetimes [II, [68]
or two different asymptotically de Sitter (dS) or anti-de
Sitter (AdS) regions [3]. An essential feature of a worm-
hole spacetime is a throat satisfying the so-called flaring
out-condition. In the context of GR, this feature implies
the violation of the Null Energy Condition (NEC), which
states that T,pk?k® > 0, where T, is the matter stress-
energy tensor and k® is an arbitrary null vector. When
such a violation happens, matter is denoted as exotic
matter.

In the context of modified theories of gravity, wormhole
solutions have also been obtained [4HI3], see also [14] for a
review. It has been shown that in this context non-exotic
matter can sustain the wormhole throat open, and it is
the higher-order curvature terms, which may be inter-
preted as a gravitational fluid, that support these non-
standard wormhole geometries. More precisely, it was
shown explicitly that in f (R) gravity wormhole throats
can be constructed without recurring to exotic matter
[15], as well as non-minimal couplings [16, [I7], and more
generic modified theories of gravity with extra fundamen-
tal fields [18]. The same kind of solutions were also found
in Einstein-Gauss-Bonnet gravity [[9H2I], Brans-Dicke
gravity [22], brane-world scenarios [23], and the recently
proposed hybrid metric-Palatini gravity [24].

Indeed, a promising approach to modified gravity con-
sists in having a hybrid metric-Palatini gravitational the-
ory [25], which consists of adding to the Einstein-Hilbert
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action R, a new term f(R), where R is a curvature scalar
defined in terms of an independent connection, and f is
an arbitrary function of R. In this approach, the metric
and affine connection are regarded as independent de-
grees of freedom. In this theory, besides wormhole solu-
tions, solar system tests and cosmological solutions have
been analyzed [26H30], see also [31] for a review. The
generalized hybrid metric-Platini gravity arises as a nat-
ural generalization of the R + f(R) theory, and consists
of considering an action f(R,R) dependent on a general
function of both the metric and Palatini curvature scalars
[32]. This class of theories have been shown to provide
viable cosmological models [33H35], to reproduce the cos-
mological meta-stability of astrophysical black-holes [36],
the weak-field regime of the theory was also explored
[37. [38], as well as solutions for thick-branes with internal
structure [39] and cosmic string-like objects [40)].

In the vast majority of the wormhole literature refer-
enced, although the higher-order curvature terms can be
used to force the NEC to be satisfied at the throat of
the wormhole, the same condition is violated elsewhere,
and thus not the entire spacetime is free of exotic mat-
ter. A remarkable exception is the case of the generalized
hybrid metric-Palatini gravity where it has been shown
that traversable wormhole solutions satisfying the NEC
for the whole spacetime can be obtained [41]. These so-
lutions are supported by a thin-shell and matched to an
exterior asymptotically-AdS via the use of the theory’s
junction conditions. However, these solutions carry an
important drawback: fine-tuning is required for the solu-
tion to satisfy both the NEC and the system of junction
conditions, due to the complexity of the latter.

The junction conditions in GR [42H46]imply, for a
smooth matching between two spacetimes, that the in-
duced metric and the extrinsic curvature must be con-
tinuous across the separation hypersurface. These condi-
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tions have been used to derive new solutions for the Ein-
stein’s field equations, such as constant density stars with
an exterior schwarzschild, the Openheimer-Snyder stellar
collapse [47], and the matching between FLRW space-
times with Vaidya, and consequently, Schwarzschild, ex-
teriors [48]. The matching between two spacetimes can
still be done if the extrinsic curvature is discontinuous
across the separation hypersurface, but implies the exis-
tence of a thin-shell at the junction radius [44] (49, 50].
Thermodynamic properties of these shells were intro-
duced [5I] and the respective entropy was explored in a
wide variety of situations, e.g., as rotating shells [52] (3]
and electrically charged shells [54, 55]. Colisions of space-
times with two shells have also been studied with numer-
ical methods [56], as well as stable generalizations of the
Schwarzschild stiff fluid star with compactness arbitrarily
close to that of a black-hole [57].

In the context of modified theories of gravity, each the-
ory will present its own set of junction conditions, which
must be derived from the respective field equations and
the equations of motion of the extra fields, if any. In
particular, the junction conditions have been deduced
for f(R) theories of gravity with [58] and without tor-
sion [59] [60], extensions of the f(R,) theory e.g. the
f(R,T) gravity [61], scalar-tensor theories [62] 63], and
also Gauss-Bonnet gravity [64].

Similarly to what happens in f(R) gravity and
f (R, T) gravity, in the generalized hybrid metric-Palatini
gravity the system of junction conditions can be simpli-
fied for particular forms of the function f [59, [61]. As a
consequence, new structures called gravitational double-
layers appear at the matching hypersurface [65] [66]. The
objective of this paper is to consider a particular form
of the function f (R, R) for which the system of junction
conditions simplifies and obtain solutions for traversable
wormbholes supported by double-layer thin-shells that not
only satisfy the NEC for the whole spacetime but also
drop the requirement for fine-tuning.

This paper is organized as follows: in Sec[[l] we intro-
duce the quadratic form of the generalized hybrid metric-
Palatini gravity theory and derive its junction conditions,
in Secl[Tll we derive solutions for traversable wormholes
satisfying the NEC at the throat in this theory, in Sec[IV]
we perform a matching of the wormhole solution with an
exterior vacuum solution with the help of a double-layer
thin-shell at the separation hypersurface, and finally in
SeclVl we draw our conclusions.

II. THE GENERALIZED HYBRID
METRIC-PALATINI GRAVITY

A. Action and field equations

The generalized hybrid metric-Palatini gravity is de-
scribed by an action of the form

S =g [ VO R R+ [ Vg Ladie ()

where k2 = 87G/c*, where G is the gravitational con-
stant and c is the speed of light, 2 is the spacetime man-
ifold on which we define a set of coordinates =%, g is
the determinant of the metric gup, f (R, R) is an arbi-
trary function of the Ricci scalar R = ¢%R,;, where
R is the Ricci Tensor, and the Palatini scalar curva-
ture R = ¢®Ryp, where Ry is the Palatini Ricci scalar
written in terms of an independent connection I', as
Rap = 0L, — TG, + LT, — To, T, (2)

C

and L,, is the matter Lagrangian considered minimally
coupled to the metric gqp. In the following, we shall con-
sider a geometrized system of units in such a way that
G = ¢ = 1 and the constant 2 reduces to x? = 8. Equa-
tion depends on two independent variables, namely
the metric g, and the independent connection f‘gb, and
thus one can derive two equations of motion.

Varying Eq. with respect to the metric g, yields
the modified field equations

of of |
@Rab + ﬁRab - igabf (R7 R)
0
- (Vavb - gablj) i = 87TTab7 (3)
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where V, is the covariant derivative and (0 = V*V, the
d’Alembert operator, both written in terms of the Levi-
Civita connection I'¢, of the metric g.p, and Ty is the
stress-energy tensor defined in the usual manner as

V=g og®)

Let us now analyze the variation of Eq. with respect
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to the independent connection I'¢,, which provides the

relation
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Ve vV=9259") =0, 5
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where @a is the covariant deriyative written in terms
of the independent connection I'¢,. NotinAg that /—g
is a scalar density of weight 1, and thus V,i/—g = 0,
Eq. implies the existence of another metric tensor
hay = (0f /OR) gap conformally related to the metric gqp
with conformal factor f/9R, for which the independent

connection I'¢, is the Levi-Civita connection, i.e.,

A 1
be = §had (Ovhdce + Ochpa — Oghee) (6)

where 0, denotes partial derivatives. This conformal re-
lation between g,;, and h,, implies that the two Ricci
tensors Ry, and Ry, assumed a priori as independent,

are actually related to each other via the expression
S Oufrinf
Qf% aJRYDIJR,

(7)
where the subscripts R and R denote derivatives with
respect to the same variables. Egs.(5)) and (7) are equiv-
alent, and thus we shall consider only the latter for sim-
plicity.

1 1
Rab = Rab - <vavb + gab|:|> fR +
fr 2



B. Junction conditions
1. Notation and assumptions

Let ¥ be a hypersurface that separates the spacetime
Y into two regions, YV and V. Let us consider that the
metric gjb, expressed in coordinates x4, is the metric in
region V1 and the metric g,,, expressed in coordinates
%, is the metric in region V~, where the latin indeces
run from 0 to 3. Let us assume that a set of coordinates
y® can be defined in both sides of X, where greek in-
deces run from 0 to 2. The projection vectors from the
4-dimensional regions V* to the 3-dimensional hypersur-
face ¥ are €% = 0z%/0y~. We define n® to be the unit
normal vector on ¥ pointing in the direction from V—
to V. Let [ denote the proper distance or time along
the geodesics perpendicular to ¥ and choose [ to be zero
at X, negative in the region V~, and positive in the re-
gion V. The displacement from ¥ along the geodesics
parametrized by [ is dz® = ndl, and n, = €J,l, where €
is either 1 or —1 when n® is a spacelike or timelike vector,
respectively, i.e., n%n, = €.

We will be working using distribution functions. For
any quantity X, we define X = X1tO(l) + X~ 0 (-1),
where the indeces + indicate that the quantity X* is the
value of the quantity X in the region V¥, and © (1) is
the Heaviside distribution function, with § (1) = 9,0 (1)
the Dirac distribution function. We also denote [X] =
X*|s — X~ |s as the jump of X across X, which implies
by definition that [n?] = [e2] = 0.

2. Constraints on the form of f (R, R)

To match the interior spacetime )V~ to the exterior
spacetime V', we need to use the junction conditions
of the generalized hybrid metric-Palatini gravity. These
conditions were derived for a general form of the function
f(R,R) and already used to obtain wormbhole solutions
in Ref.[4I]. Defining the induced metric at ¥ as hos =
egeggab and the extrinsic curvature K,3 = egezvanb,
the junction conditions for a matching between the two
spacetimes with a thin-shell of perfect fluid at the sepa-
ration hypersurface ¥ can be generically written in the
form

[has] =0, (8)

[K] =0, (9)

[R] =0, (10)

[R] =0, (11)

frrn® [8aR] + frrn® [6a72] =0, (12)
eSone [0:R] (frm — 452 ) —

— (fr+ fr)e[KE] = 8nSE, (13)

where K = K is the trace of the extrinsic curvature
and S? is the stress-energy tensor of the thin-shell aris-
ing at the separation hypersurface . The conditions

in Eqs. and (|11) are imposed to avoid the presence
of products © (I)d (1) in the field equations in Eq.,
which are undefined in the distribution formalism. In
the following, we pursue an alternative way of avoiding
these problematic products by constraining the function
f (R, R) instead.

Let us start by defining properly the metric gg
throughout the spacetime using the distribution formal-
ism. The metric g, takes the form

GJab = gab+®(l) + gabfg(_l)' (14)

The Ricci tensor R, and the Ricci scalar R associated
with this metric in the distribution formalism, upon im-
position of Eqs. and @D, become

Ray = R,0 () + R,0 (1) —e[Ku)6 (1),  (15)

R=RTO()+R O (1), (16)

respectively, where we have used Eq.@[). Taking the first-
order partial derivatives of the Ricci scalar d, R leads to
JoaR = 0aRTO(l) + 0,R~O (1) + €[R]n,d (l), and a
similar expression for the partial derivatives of R. In
the definition of the Palatini Ricci scalar in Eq. it is
evident that, due to the existence of terms 0, fr0pfr,
there will be terms depending on products of the form
Ja ROy R and 9, ROy R. These products will lead to terms
proportional to © (1) ¢ (1), which are undefined in the dis-
tribution formalism, or & (1)®, which are singular. Thus,
for the Palatini Ricci tensor to be properly defined in the
distribution formalism, it is thus necessary to eliminate
these terms from Eq.. For a general form of the func-
tion f (R, R), the presence of these terms is avoided by
imposing Eqs. and as junction conditions, thus
canceling all proportionality in ¢ (1) and solving the prob-
lem. However, an alternative solution for this problem is
to impose that fr is a constant, i.e., the function f (R, R)
is linear in R. Consequently, d, fr = 0 and these prod-
ucts are effectively removed from Eq.. The function
f (R, R) thus becomes

f(R,R) =g(R)+R, (17)

where ¢ (R) is a well-behaved function of the Ricci scalar
R and + is a constant. On the other hand, due to the
existence of differential terms of the form V,V,fr and
Ofgr in the field equations in Eq., the same prod-
ucts of the form 9, R0, R will also arise from these terms,
thus leading to the same problems related to undefined
O (1)d (1) or singular § (I)” terms. Again, one can avoid
the presence of these terms without imposing Eqs.
and by considering instead that frg is constant, i.e.,
the function f(R,R) is quadratic in R. Consequently,
VoViofr = frRrRV.VR, and thus the problematic prod-
ucts are effectively removed from the field equations. The
function f (R, R) can be written in the form

f(R,R)=R—2A+aR? +9R, (18)



where the parameters A and « are constants. Inserting
this form of the function f(R,R) into Eq.7 all the
differential terms in fr cancel, we obtain R,y = Rap,
and consequently we have R = R. Furthermore, we have
fr = 1+ 2aR, which implies that d,fr = 2ad, R and
VoVifr = 2aV,VpR. Under these considerations, the
modified field equations given in Eq. simplify to

Rupy (1 4+~v+2aR) —2a(VaVe — gapd) R —

—%gab [R(1+ 7+ aR) — 2A] = 87T (19)
Notice also that for the particular form of f(R,R) in
Eq.7 since fr = <y is a constant, then the partial
derivatives frr and frpr also vanish and the junction
condition in Eq. is automatically satisfied.

Let us point a few considerations about the parameters
a, v and A. As we stand in a particular case where R =
R, the coefficient of R in the function f is effectively 1+.
As we want to preserve the positivity of the Einstein-
Hilbert term in the action, this imposes that v > —1.
Also, although there are no constraints on the sign of
the quadratic term, it has been shown that a positive a
provides fruitful results in cosmology, more specifically in
models for inflation[67]. One such case is the Starobinski
model o = 1/m?, where m is a constant with units of
mass. We will thus focus on models with a > 0. Finally,
as it is defined, A plays the role of a cosmological constant
and it controls the asymptotics of the solution, which
will be de Sitter (if A > 0), anti-de Sitter (if A < 0), or
Minkowski (if A = 0).

Since for this particular form of the function f (R, R)
in Eq. the Ricci scalar R and the Palatini Ricci scalar
R coincide, because the conformal factor fr = «v is a
constant, one should clarify the role of the Palatini term
in the analysis and emphasize what are the differences
between this situation and a purely f (R) model. Notice
that if one replaces R by R in Eq. to obtain a function
f (R, R) that depends solely in R, the conformal factor
fr vanishes and the two metrics g, and hyp coincide. In
our situation, even though R and R are forced to be the
same by Eq., the explicit dependence of f(R,R) in
R guarantees that the conformal factor fg = 7 is non-
zero and the metrics gqp and hgp differ. Furthermore,
one could argue that a redefinition of the parameters of
the form & = o/ (1 ++7) and A = A/ (1 ++~) and a fac-
torization of (14 ) from the action would lead to an
f(R,R) = f(R) function that produces the same field
equations as Eq.. While this is true if the matter La-
grangian L,, vanishes, the same does not hold if Ty; # 0,
as it would also require a redefinition of the stress-energy
tensor as Tyy = Tupy/ (1 4 7), and the distribution of mat-
ter would only be the same if v = 0. Thus, the Palatini
term in Eq. effectively controls the influence of the
matter distribution in gravity: as one increases the value
of 7, less matter is needed to produce the same gravita-
tional effects.

Finally, we note that the generalized hybrid metric-
Palatini gravity can often be written in terms of a dy-

namically equivalent scalar-tensor representation, which
can be deduced through the definition of auxiliary fields
in the action in Eq.. However, the particular form of
the function f(R,R) deduced in Eq. does not have
an equivalent scalar-tensor representation, see Appendix
[A] for more details. Thus, it is sufficient to pursue this
analysis in the geometrical representation of the theory.

8. Double-layer thin-shells

In the previous section, we have deduced a particular
form of the function f (R, R) that simplifies the set of
junction conditions. This quadratic form of the function
f(R,R) is provided in Eq.(18). Let us now analyze the
consequences of considering this form of the function.

The Ricci tensor and Ricci scalar have the forms pro-
vided in Eqs. and , respectively. Let us now anal-
yse the second-order derivative terms of the Ricci scalar
R in the field equations in Eq., i.e., the terms V,V, R
and OJR. To do so, let us take a double covariant deriva-
tive of R which becomes

VoViR = (V?R),, +€eVa ([RId()ny),  (20)

(V®R) , = VoV R4 O (1)+VaVsR_O (=1)+€d (1) ng [0, R] .
(21)
These results imply that the junction conditions [R] =0
and [R] = 0 can be discarded in the particular case of
Eq. but, as a consequence, extra terms will arise in
the stress-energy tensor S, of the thin-shell.
The second term in the right-hand side of Eq. is
also familiar from the f (R) gravity case. Following [59],
we verify that this term can be rewritten in the form

Va ([R] 1) (l) nb) =4 (l) (Kab —eKngny + nbhgvc) [.R]—I—Aab7
(22)
where Ay, is a new distribution function defined by

/AabY“bd4x= —e/ [R] nanynV. Y Pd3z,  (23)
Q by

for some test function Y. Inserting this result into

Eq. and using Eq. we obtain
VoVR =V, VyRTO (1) + V,VyR™O (—1) + €Ay +
+ed () [enanbnc [VR] + 2n(,h§) V. [R] +

FIR] (K — eKnanb)] . (24)

Consequently, contracting with g?®, we obtain
OR=0RTO () + OR™ O (-1) + (25)
+eA +€d (I)n° [V R],

where we defined A = A? and we have used n%n, = ¢,

€2 =1, and n®hS = 0. Inserting the results in Egs.

and into the field equations given in Eq. (19), con-
sidering the distribution of R, given by Eq. (15), and



keeping only the singular terms, we verify that the stress-
energy tensor becomes in this case

Toy =THO (1) + T 50 (—1) + (26)
+6(1) (Sab + Sianp) + Snany) + sap (1) ,

where S, is the usual stress-energy tensor of the thin-
shell, S, is the external flux momentum whose normal
component measures the normal energy flux across ¥ and
the spacial components measure the tangential stresses,
S measures the external normal pressure or tension sup-
ported on X, and sup is the double-layer stress-energy
tensor distribution. These variables are given in terms of
the geometrical quantities as

8mSap = —€[Kap] (1+7) + (27)
+ 2ea (hapn® [V .R] — Ry [Kq) — K2 [R])

875, = —2eahlV. [R], (28)

878 = 2¢ak [R], (29)

8msap (1) = 2ea Qap (1) , (30)

Here, Ry and Kazb are the Ricci scalar and the extrinsic
curvature of the hypersurface where the thin-shell lives.
As these two variables are, in general, discontinuous, one
defines Ry, = (R* + R™) /2 and K2, = (K} + K;) /2,
following Ref. [65]. In Eq. (30), Qs(1) = g5 A — Ay and
the double-layer stress-energy distribution becomes

/ 8msapY Pdte = — / 2¢ct [R] haynV . Y ®d3z.  (31)
Q )

As expected, every extra term that arises in this for-
malism has a dependence on [R], and the usual results
for the general case can be recovered by setting [R] = 0.
These gravitational double layers have been studied in
the scope of f (R) gravity for the particular case of time-
like hypersurfaces [65] and our results can be matched to
the ones obtained in f (R) by setting v =1 and € = 1.

As for the double-layer stress-energy tensor distribu-
tion sq in Eq. 7 it has been noted to have resem-
blances to classical dipole distrubitions, with a dipole
strength 87P,, = 2a[R]hap [66], here arising mainly due
to the existence of a nonzero jump in the curvature. In
GR, thin shell spacetimes with [R] # 0 are also accept-
able, but Egs. (28430) do not manifest, since o = 0 for
GR. The dipole distribution term in Eq. is a nov-
elty and so far unique to the quadratic term of f(R)
extensions of gravity. However, there is still no physical
interpretation for why a dipole distribution should arise
in gravity. In spite of this, Eq. is still a crucial piece
in assuring that the stress-energy tensor distribution is
divergence free, i.e. VT, =0 [59].

III. WORMHOLE ANSATZ AND SOLUTIONS
A. General considerations on wormhole spacetimes

The general metric that describes a static and spheri-
cally symmetric wormhole spacetime in the usual spher-
ical coordinates (t,r, 0, ¢) is given by the line element

b -1
ds? = —eS(M g2 4 [1 - (r)} dr® +r2d9?, (32)
r

where ¢ () is the redshift function, b (r) is the shape func-
tion, and dQ? = df? +sin® 0d¢? is the solid angle surface
element. These two metric functions are not arbitrary.
In this work, we are interested in traversable wormhole
solutions. For a wormhole spacetime to be traversable,
its metric functions must fulfill two conditions. First,
the wormhole spacetime must not present any horizons,
as so to allow a traveler to move arbitrarily close to the
wormhole throat at r = rg without being prevented to
escape the interior region. To fulfill this requirement, the
redshift function should be finite throughout the whole
spacetime, i.e., |( (r)| < oo. The second condition is a
fundamental geometric condition in wormhole physics at
the wormhole throat that guarantees its traversability.
The so-called flaring-out condition is translated into two
boundary conditions for the shape function given by

b(’f‘o) =70, b (To) < 1. (33)

Two broad families of redshift and shape functions that
satisfy the requirements for wormhole traversability are

¢ =ao (™), (34)

b(r) =m0 ()", (35)
r
where (j is a dimensionless constant, rq is the radius of
the wormhole throat, and p and ¢ are constant exponents.

Let us now turn to the matter sector. We assume that
matter is described by an anisotropic perfect fluid, i.e.,
the stress-energy tensor can be written as

T} = diag (—p, pr, Pt Pt) » (36)

where p = p(r) is the energy density, p, = p, () is the
radial pressure, and p; = p; (1) is the transverse pressure,
all assumed to depend only in the radial coordinate as
to preserve the spherical symmetry and staticity of the
spacetime. Furthermore, we are interested in matter that
satisfies the NEC. For the NEC to be satisfied, p, p, and
p¢ must satisfy the following inequalities:

p+pr>0 p+p>0. (37)

Within general relativity, the flaring out condition,
Eq.7 and the NEC, Eq., are incompatible. In-
deed, Eq. is effectively a condition on the Einstein’s



tensor Ggp, which is directly related to the stress-energy
tensor T, via the Einstein’s field equations G4, = 87T,
resulting in a condition for the latter as T,,k%k® < 0, for
any null vector k%, which is equivalent to a violation of
Eq. in the particular case of an anisotropic perfect
fluid. In modified gravity, the modified field equations
can be rewritten in the form G, = 87rT§£f , where T;’gf is
the effective stress energy tensor that includes not only
the matter T,; but also the higher-order curvature terms
from Eq.(19). In this context, it is the effective stress-
energy tensor that must fulfill the condition T jkakb <0,
and thus it is possible, in principle, that Eq. is ver-
ified as long as the extra higher-order curvature terms
compensate the positive matter contributions.

B. wormbhole solutions satisfying the NEC at the
throat

The general strategy to obtain wormhole solutions is as
follows. We take the field equations given in Eq.(19)), we
select a metric of the form provided in Eq.(32]) with red-
shift and shape functions defined as in Eqs.(34)) and ,
respectively, and we use the stress-energy tensor of an
anisotropic perfect fluid as shown in Eq.. Given the
spherical symmetry of the problem, there will be three
independent field equations, which we do not write ex-
plicitly due to their lenghty character. These three equa-
tions are then solved to the three independent unknowns,
p, pr and p;. Having obtained the solutions for the mat-
ter fields, one computes the left-hand side of the NEC
in Eq.(37) and verifies if this condition is satisfied at the
throat » = rg. Different wormhole models can be tested
by varying the exponents p and ¢ and constants rg and
Co, as well as different actions by varying the parameters
a, v and A.

As an example, let us consider a model with redshift
and shape functions inversely proportional to the radius
r, i.e. p =q = 1, let us consider that A = 0 to pre-
serve asymptotic flatness, and let us consider the throat
to be at the Schwarzschild radius rg = 2M. Following
the procedure outlined in the previous paragraph, one
verifies that there are many different combinations of the
parameters «, 7, and (y for which the NEC is satisfied
at the throat. In Fig[l] we plot one such solution. one
verifies that the NEC given in Eq.(37) is satisfied at the
throat of the wormhole r = rg, but it is eventually vi-
olated at larger values of r. For this solution to satisfy
the NEC throughout the whole spacetime, one needs to
perform a matching with an exterior vaccum solution in
the region where the NEC is still satisfied. We now turn
to this.

a
Q -05F | / ]
L [ II
oA / — p+pr
L \ 7 1
-1.0F % / -- p+pt 1
L \ / |
\‘_ /I
2 3 4 5 6

r/M

FIG. 1. Plot of p + p, (solid red line) and p + p; (dashed
blue line) for o = 0.15/M?, v = 10, A = 0, o = —60, and
ro = 2M, where M is a constant with units of mass. The
NEC given in Eq. is satisfied at the throat » = 7o but
violated elsewhere.

IV. MATCHING WITH AN EXTERIOR
VACUUM SOLUTION

A. Selecting an exterior solution

In this section, we want to select an exterior solution
to be matched with an interior wormhole solution derived
within the framework outlined in Sec[IIBl As we want
the exterior solution to satisfy the NEC, the simplest way
of doing so is to consider a vacuum exterior solution, i.e.,
with Ty, = 0. For simplicity, we also want to preserve
asymptotic flatness, and thus we impose A = 0. Inserting
these assumptions into Eq., one verifies that any so-
lution in GR with Ry, = 0 (and consequently R = 0) will
also be a solution of the modified field equations. As the
solutions computed for wormhole interiors in Sec[[ITB]
are spherically symmetric, we shall take the exterior vac-
uum solution to be a Schwarzschild spacetime, i.e., the
line element in standard spherical coordinates is

ds? = — (1 - 2M> eSedt? + (1 M
T T

-1
) dr? + r2d02?,
(38)

where M is a constant that represents the mass of the
interior object, and (. is a constant introduced for later
convenience. This constant (. guarantees that the time
coordinate of both the interior wormhole and the exterior
vacuum solutions is the same upon matching.

B. Matching the wormhole interior to the vaccum
exterior

Let us now apply the junction conditions derived in
Sec[IBl to match the interior wormhole solution de-
scribed by the line element in Eq. with redshift and
shape functions given by Eqs. and , respectively,



to the exterior vacuum solution described by the line el-
ement in Eq..

The first junction condition, i.e., Eq., is used to set a
value for the constant (.. As this condition imposes the
continuity of the metric g, across the hypersurface 3,
using Eqs. and we obtain a relationship between
(e and (y as

()" = (1 - 2M> et (39)

rs

where ry; is the radius at which the matching between
the two metrics is performed, which will be set by the
second junction condition.

Let us now turn to the second junction condition, i.e.,
Eq.@. This junction condition consists of a constraint
to the radius ry at which the matching must be done.
For the two metrics in Eq. and , the junction
condition [K] = 0 takes the form

2rs —3M - 1 1- (o l 4 —pC To '
P2 /1 _2M  2rs s PO s '
> Ty

(40)
For each particular combination of parameters p, ¢, and
Co, Eq. must be solved for ry and the matching be-
tween the two metrics must be performed at r = ry.
One can now insert the value of ry into Eq. and, for
each combination of parameters, obtain the correspond-
ing value of (..

In this work, we are interested in isotropic perfect-
fluid thin shells. In the perfect-fluid situation, the surface
energy density ¢ and the tangencial pressure p of the
thin-shell can be obtained from the stress-energy tensor
Sh = Sacegefyhm which takes the diagonal form

Sg = diag (o, ps, Ds) - (41)

Using Eq., the surface energy density o and the
transverse pressure ps of the thin-shell are thus given
by

o= [[K8) 1+~ +2aRs)+
20 (Kg<2> [R] - n¢ [VCR])] , (42)

ps == [3 [K§] 1+~ + 2aRs) +
+a (Kg<2> [R] + 2n° [VCR])] , (43)

where we have used the fact that, since [K] = 0 holds,
then in spherically symmetric spacetimes and spherical
coordinates we have [Kg] = -2 [Kg] = -2 [K;ﬂ Fi-
nally, using Eqs. and , one computes the rela-
tionship o + p. For the NEC to be satisfied at the thin-
shell, it is required that ¢ + p > 0. We have now all the
necessary tools to perform the matching and obtain the
full wormhole solution.

As an example, let us take the solution previously ob-
tained in Sec and plotted in Fig Using Eq.
with p = 1, ¢ = 1, and {;, = —60 we obtain ry =
2.02346 M. Then, inserting this result into Eq.7 we
obtain (. = —54.847. Finally, using Eqs. and
we obtain 87(c 4+ p) = 0.996129/M. This solution fea-
tures combinations p+p, and p+ p; positive in the whole
range of r between ry and ry, a vanishing T, for r > ryx,
and also o + p > 0 at the shell, and thus it consists of
a solution that satisfies the NEC throughout the whole
spacetime. Following the same methodology, a wide va-
riety of other solutions satisfying these requirements can
be obtained with different combinations of parameters.

Regarding the extra terms on the stress-energy ten-
sor arising from [R] # 0, i.e., Sq, S and $4, since [R]
is a function of r only due to the spherical symmetry
of the problem, then the only non-zero component of
V. [R] is the radial component. As the induced metric
projects tensors into a hypersurface of constant radius,
the contraction h¢ V. [R] in Eq.(28)) vanishes and one ob-
tains S, = 0. On the other hand, the scalar S can be
computed directly from Eq., from which one obtains
8mS = 1.5145/M. The double-layer distribution sq (1)
is defined as in Eq. and requires some test function
to be computed explicitly. In particular, since we are
interested in spacetimes that satisfy the NEC, and thus
we have to verify that T,,k%k® > 0 for some null vec-
tor k%, a particularly interesting test function Y% to
study in Eq. is Y = k°kb. Given that the space-
time is spherically symmetric and that ¥ is an hypersur-
face of constant radius, one can always find a coordinate
transformation in such a way that the metric on ¥ re-
duces to a Minkowski spacetime. Considering thus a gen-
eral null vector of the form k* = (—1,a,b/r,c/(rsind)),
where the constants a, b, and c satisfy the relationship
a®? + b2 + % = 1, one verifies that the factor n°V, (k“kb)
vanishes for any a, b and ¢, and thus the integral on the
RHS of Eq. vanishes and the double gravitational
layer does not contribute to the NEC.

V. CONCLUSIONS

In this work, we have derived asymptotically flat
traversable wormhole solutions satisfying the NEC
throughout the whole spacetime in a quadratic form of
the generalized hybrid metric-Palatini gravity in the geo-
metrical representation. The wormhole solutions consist
of an interior wormhole solution with a non-exotic per-
fect fluid near the throat, an exterior Schwarzschild so-
lution, and a double gravitational layer thin-shell at the
separation hypersurface between the interior and exterior
solution.

We have shown that the general set of junction condi-
tions previously derived in [4I] can be simplified for par-
ticular forms of the function f (R,R). More precisely, if
one selects a function f that is quadratic in R and linear
in R, the junction conditions [R] = 0 and [R] cease to be



mandatory. As a consequence, extra terms arise in the
stress-energy tensor Sy of the thin-shell, thus giving rise
to a double-layer thin-shell distribution at the junction
hypersurface.

Unlike in the previously published general case for
which the derivation of traversable wormhole spacetimes
satisfying the NEC required fine-tuning [41], in this sit-
uation the simplified set of junction conditions implies
fewer restrictions on the solutions, and thus the method
outlined in this work allows one to easily obtain numerous
solutions and for a wide variety of parameters. A par-
ticularly interesting advantage is that asymptotic flatness
can be preserved in this situation, unlike the general case
where the validity of the NEC could only be guaranteed
for asymptotically AdS spacetimes.

Although there is still no clear physical interpretation
for the double-layer stress-energy tensor distribution, in
this work we have explicitly computed the integral of
this distribution over the entire spacetime for a partic-
ular test-function given by Y% = k%kb where k¢ is a
null vector. This choice of the test function was moti-
vated by the NEC T,,k?k® > 0, since the double-layer
stress-energy tensor distribution appears naturally as an
extra term in the stress-energy tensor T,,. Given that
the hypersurface ¥ is an hypersurface of constant radius,
we have obtained that this integral vanishes and thus the
double-layer stress-energy tensor does not contribute to
the NEC. This result seems to apply to any static and
spherically symmetric spacetime.

Appendix A: Quadratic GHMPG in the
scalar-tensor representation

The generalized hybrid metric-Palatini gravity, simi-
larly to the f (R) theories of gravity, can be rewritten in
terms of a dinamically equivalent scalar-tensor theory via
the definition of auxiliary scalar fields. This scalar-tensor
representation of the theory was used e.g. in the context
of cosmological solutions [33] and traversable wormholes
[41]. Thus, the particular case of quadratic gravity should
also be studied in this representation to emphasize the
equivalence of the two formalisms. However, the partic-
ular form of the function f associated with this example
does not belong to the domain of functions for which the
scalar-tensor representation is defined, as we show in the
following.

Let us start by rewriting the action in Eq. with two
auxiliary fields a and S, respectively, in the following
form

= [ vEalren s gl a

Lof
G

This action is a function of three independent variables,

T oR2

(R — 5)}d4x+sm (A1)

namely the metric g,;, and the two auxiliary fields o and
B. Taking the variations of this action with respect to
the fields a and 3 yields the two equations

0% f 0% f B
0% f 0% f
-0+ S R-p =0 Ay

These two coupled equations can be rewritten in a matrix
form Mx =0 as

8%f  8%f

=5 R—«a
da?2  0ad
Mx = ’ —0  (A4)
9% f  93f R -
9Bda  0B°

The solution for Eq. (A4]) is unique if and only if the
determinant of M does not vanish, i.e., det M # 0. This
condition yields the relation

2
O*f O*f (82f> (A5)

a2 32 0adf

If the condition above is not satisfied, then the solution
of Eq. is not unique and the scalar-tensor represen-
tation for such a function f is not well-defined, and thus
the equivalence between the two representations is not
guaranteed. This happens because for these particular
cases the definitions of the scalar fields as functions of R
and R are not invertible.

The form of the function f for which we could drop
the junction conditions [R] = 0 and [R] = 0 is given
in Eq. (I8). For this function, we have frr = 0 and
frr = 0. This implies that the determinant of the matrix
M vanishes, as

[f rR JRR
det (A6)

1 = frrfrRR — fARr =0,
frRR fRR

and thus this form of the function f does not have an
equivalent counterpart in the scalar-tensor representa-
tion. Therefore, there are no particular cases of the
scalar-tensor representation for which some of the junc-
tion conditions could be discarded.
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